This work is a discussion on the energy parallax theory developed in [1] [2] based on the multiplicity of the solutions theorem. This theory is compared with the perturbation theory in mathematical physics. The perturbation theory uses the increment of a solution which can be formalized with a Taylor series development. With the energy parallax theory, the convergence property of the Taylor series of the energy of a system is the key to decide to include additional solutions, defined on the so-called energy spaces [2] . The development is supported using various examples in quantum mechanics (i.e. Rayleigh-Schrödinger perturbation theory) and wave theory with the Electromagnetic (EM) energy density (i.e. evanescent waves within the skin layer of a dielectric material). Finally, we discuss the Woodward effect [3] and the application of the energy parallax when assuming that the variations of EM energy density can trigger such effect within asymmetric cavities.
Introduction

Work Overview
Perturbation theory has played an important role in the development of mathematics and physics from the end of the 19th century. With the pioneering work of H. Poincaré in the theory of dynamical systems, the perturbation theory found a major application in the emergence of quantum mechanics with the preliminary works of M. Bore and W. Heisenberg [4] .
In quantum mechanics, perturbation theory generates states of a system that are adiabatically or linearly derived from a stable state. This stable state is generally an exact solution of the equations describing the system at hand. However, the system can be perturbed in a way that the exact solution, associated with the stable state, is no longer valid to model the changes in the system. Perturbation theory has been formulated in various domains, beyond quantum mechanics, using small quantities in order to describe the perturbed states, degenerated from the stable state. This perturbation shows up as a broadening of the initial energy quantity corresponding to the system in stable state [4] [5] .
In previous works (i.e., [1] [2] [6] [7] ), we define the Energy Spaces, which are subspaces of the Schwartz Space This work is a discussion between the energy parallax and the perturbation theory developed in quantum mechanics. In the next section, we recall this theory. An overview of the energy parallax together with the formal theory developed in [2] using the properties of the Schwartz space ( ) m − S  and the L2 space, is briefly exposed at the beginning of Section 3. Through several examples, we discuss the similarities between the two theories. Finally, Section 5 is a discussion on the application of the energy parallax in the derivation of the Woodward effect for the special case of the asymmetric cavities. A conclusion ends this work.
Notation and Symbols
In this work, several symbols are used. The set of integer numbers  is 
An Overview of Perturbation Theory and the Application in Quantum Mechanics
Following [4] , we can consider a simple problem with, let us say, a natural system α , initial state 0 α and small perturbation 0 a , such as The convergence/divergence properties in the perturbation theory is an important research topic [10] [11] [12] . Note that the intermediate states of the system are called degenerated states.
In quantum mechanics, those states are associated with intermediate levels of energy. These intermediate states are also solving the equations describing the system [5] [13] . For example, let us recall the Rayleigh-Schrödinger perturbation theory. The system is described by the Hamiltonian operator (H) and the solutions describing the different states of the system are the eigenfunctions ( i ψ ) of H. In fact, we have the famous relationship between the Hamiltonian, the eigenfunctions and the corresponding energy states ( i E ),
Thus, the perturbation in the system is described with a term V such as the Hamiltonian is also changed with E . Finally, the energy quantities and the associated eigenstates can be directly related to the total energy of the system n E and its associated i
It is important to recall for the following that the perturbations for integrable Hamiltonian system are described by the Kolmogorov-Arnold-Moser (KAM) theorem [14] . The KAM theorem deals with persistence, under perturbation, of quasi-periodic motions in Hamiltonian dynamical systems.
Energy Parallax and Relationship with Perturbation Theory
This section starts with a short summary of the energy space theory, which defines the energy parallax. Readers can refer to [1] [2] [6] for a comprehensive description of the work. The second part discusses about the common features with the perturbation theory through some examples.
Short Review of the Energy Parallax
The concept of multiplicity of the solutions was developed in [1] which is based on the theory of energy operators in the Schwartz space ( ) − S  and some subspaces called energy spaces first defined in [7] and subsequently in [1] . The main idea is to look for solutions of a given linear PDE in those subspaces. The theory has been recently extended (e.g., [2] ) in 
) such as the study of the multiple solutions of a PDE based on the definition of the energy spaces p E ( p + ∈  ). One way to understand this concept, is to study the convergence of the development in Taylor series of the energy function associated with a nominated energy space. It was shown in [7] that taking into account additional terms of the Taylor series leads to define 
[ ]
is a generalized energy operator defined in [2] . In order to understand the notation, 
Thus, all the solutions are here defined in 
The theorem of (Multiplicity of Solutions in 
3) (Multiplicity of the solutions) If
Readers can refer to the appendices in [2] for further information on the energy space theory. Note that, in [1] , the theorem on the multiplicity of 
is a convergent series.
Examples and Discussion between the Energy Parallax and the Perturbation Theory
In areas where the solutions are described via a set of PDEs, the perturbation theory can be rather complicated to use. Instead, the energy parallax shows that the variations of energy quantity lead to define solutions according to the spaces associated with the energy quantities (or energy spaces as defined in Definition 
. Furthermore, if it exists p and v
, then we associate the energy ( )
, such as one can estimate the variation ( ) 
The validity of this approach is only guaranteed if the power series of the energy is converging. The convergence properties is essential, because of the 
We can then assume that if Let us consider that 0  is equal to 
). The general idea is that when the energy of the system increases of a small quantity (i.e. k  ), one can look at solutions with higher derivatives (i.e.
Let remind us of an example in functional analysis first shown in [7] in order to illustrate the energy parallax.
Example 1: Specific Solutions of the Wave Equation in
( ) 
c is the speed of light. Note that the values of t and r are restricted to some interval, because it is conventional to solve the equation for a restricted time 
u and 2 u are the wave numbers, ω is the angular frequency and A is the amplitude of this wave [15] . Assuming ω and ( 1 u , 2 u ) known, one can add some boundary conditions in order to estimate 1 u , 2 u and A.
Furthermore, a traveling wave solution of (6) should satisfy the dispersion relationship between 1 u , 2 u and ω [15] . However, our interest is just the general form assuming that all the parameters are known. For 0 p = , the type of 
In 1 k M , one can then write the type of solutions
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Let us consider the form of solutions which propagates in a closed cavity (e.g., closed wave guide [15] 
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Here the symbol "  " means that
Now, let us do a hypothesis that
increases significantly over dt modifying the approximation in (11) ( )( ) ( )( )
and then,
To recall that ( ) 
Example 2: Application to EM Field Theory
Perturbation theory may be difficult to implement when the system is described by a set of PDEs. One area in particular is the area of field theory such as Electro Let us recall an example of variation of EM energy density in the skin layer of a conductor. The theory of energy space is now applied to the possible variations of electromagnetic energy density due to, for example, skin depth effect [15] inside some conductive material. Beyond this application, the interest is to give a physical meaning of taking into account those additional solutions in various energy spaces. Thus, let us formulate the variation in time of energy density (u)
at the second order with a Taylor series development such as: (14) o is the Landau notation to omit higher order quantities. Note that at the first 
Finally one can write the relationship with the energy density following (14) and the previous Taylor series development for the electric and/or magnetic field:
t t
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Therefore, taking into account the second order term of the energy density 2 t u ∂ means that additional solutions should also be considered in the EM modeling.
Example 3: Variation of EM Energy Density-Consequences from the Wave Theory Point of View
We are taking the example of the variation of EM energy density inside a copper wall due to planar waves reflecting and refracting on it [15] . To recall the previous example, the EM field is now including ( E , δ E ) and ( B , δ B ), contribution of the subspaces M respectively when using the concept of multiplicity of the solutions (i.e. Theorem 1) for the higher order derivatives of the energy density (see (14) ). We call the total EM field tot E and 
We can separate in three groups,
The Poynting vector is defined as µ × = E B P and its derivative
. Thus, the second order term of the energy density is the contribution of the EM field generated by t ∂ E and t ∂ B is:
The last line is the contribution from only the fields t ∂ E and t ∂ B .
Finally, the creation of the wave defined by the EM field ( t ∂ E , t ∂ B ) means that some material properties may allow to create two type of EM waves namely ( E , B ) and ( t ∂ E , t ∂ B ).
Some Comments on the Uncertainty Principle in the Energy Parallax Theory
Uncertainty principle is generally known from the Heisenberg's relationship in Finally, if we want to look at the inequality involving the position x, one needs to use the wave-particle duality and consider the wave as a photon. In this case, we can use the Heisenberg uncertainty principle in quantum mechanics to state the relationship between x and the moment p [16] .
Discussion on the Woodward Effect Interpreted with the Energy Parallax Theory
The Woodward effect, also referred to as a Mach effect, is part of a hypothesis proposed by James F. Woodward in 1990 [3] . The hypothesis states that transient mass fluctuations arise in any object that absorbs internal energy while undergoing a proper acceleration. Recently, the Woodward effect was applied to asymmetric EM cavities (i.e. frustum) due to EM waves reflected on the cavity's wall, and creating a momentum [2] . The assumption is that the EM energy density variation results from the evanescent waves taking place in the skin depth of the asymmetric EM cavity's walls.
The Woodward effect is based on a formula which the author implicitly assumed that the rest mass of the piezoelectric material via the famous Einstein's relation in special relativity 
Let us define the the rest energy
The EM energy density u follows the general definition of the sum of energy density from the electric ( E u ) and magnetic ( B u ) fields [15] . Note that in [2] , the author defines the Electro magnetic and gravitational coupling using Equation (29).
Discussion ( 
Conclusions
This work is a discussion on the energy parallax and the comparison with the perturbation theory. One of the motivation is that the energy parallax is based on the multiplicity of the solutions (i.e. Theorem 1) developed by [2] power series with the addition of small quantities to take into account the perturbation of the system's energy, the energy parallax considers additional solutions to a given PDE (or PDEs describing a given system) based on the higher order derivatives of the primary solution when considering higher order perturbations of the system's energy. Note that we give some meaning to the variation of energy via the uncertainty inequality (time, frequency) based on the superposition of waves using the energy parallax.
Appendix: Derivation of the Woodward Effect from a Point Mass Particle with a Varying Charge
In this section, we derive the Woodward effect for a particle moving along a world line in a varying electric field. It is a simplistic model of a so called "relativistic" capacitor, due to the variation of mass only dependent of the variation of charge ( ) q t . 
A1. Lagrangian Formalism
A2. The Case of the Point Mass Particle inside an Electric Field
The idea is to use the Lagrangian for a particle inside an EM field subject to a 
